Abstract. We construct counterexamples to the conjecture that every free arrangement is recursively free in characteristic zero. The intersection lattice of our smallest example has a realization over a finite field which is recursively free, thus recursive freeness is not a combinatorial property of the intersection lattice of an arrangement.
Introduction
Motivated by his famous Addition-Deletion-Theorem (see [9] or Thm. 2.3 below), Terao introduced the notion of inductive freeness of an arrangement A (Def. 2.4), a property which implies the freeness of the module of derivations D(A). Inductive freeness is a purely combinatorial property of the intersection lattice of an arrangement, see for example Lemma 2.5. Terao's longstanding conjecture states that for a fixed field, freeness of the module of derivations of an arrangement of hyperplanes is a combinatorial property of its intersection lattice (see [9] or [10] ).
Although inductive freeness is a powerful tool to verify the freeness of many interesting arrangements, there are probably even more arrangements, which are free but not inductively free (see [6, Example 4.59] for one of the oldest examples). But in fact, the Addition-DeletionTheorem allows to prove the freeness of a much bigger class of arrangements introduced in [13, Def. 3.6.4] 1 , the recursively free arrangements (see also Def. 2.6). An attempt to settle Terao's conjecture is to answer the question whether every free arrangement is recursively free (see [13, 3.6] , [6, 4.3] , [7, 5] ). However, this is not the case: In this note we present free but not recursively free arrangements in characteristic zero, and complete the picture: inductively free recursively free free.
We first found our counterexample A with 27 hyperplanes in C 3 by using the enumeration techniques introduced in [3] and the realization algorithm from [2] .
The intersection lattice of A has a further realization B over F 11 . It turns out that B is free and recursively free although it has the same intersection lattice as A. Hence recursive freeness is not a purely combinatorial property of the intersection lattice, and should thus be perceived in a different way than the notion of inductive freeness. This observation is implicit in the examples in [14, 4] for arrangements over finite fields: Ziegler defines a matroid which has a realization which is free or not free depending on the chosen field, but is of course never inductively free. However, all his arrangements are recursively free when they are free.
Last but not least, the intersection lattice of A has realizations over F q for q large enough (for example q = 251) which are free but not recursively free. Thus the inclusion "recursively free free" also holds for (at least certain) positive characteristics.
Preliminaries
We shortly review the required notions, compare with [6] .
Definition 2.1. Let A be an arrangement of hyperplanes, i.e. a finite set of hyperplanes in a fixed vector space V over a field K. Let S = S(V * ) the symmetric algebra of the dual space V * of V . We choose a basis x 1 , . . . , x r for V * and identify S with K[x 1 , . . . , x r ] via the natural isomorphism S ∼ = K[x 1 , . . . , x r ]. We write Der(S) for the set of derivations of S over K. It is a free S-module with basis D 1 , . . . , D r where D i is the usual derivation ∂/∂x i .
A nonzero element θ ∈ Der(S) is homogeneous of polynomial degree
In this case we write pdeg θ = p.
Let A be an arrangement in V with defining polynomial
An arrangement A is called a free arrangement if D(A) is a free module over S.
If A is free and {θ 1 , . . . , θ r } is a homogeneous basis for D(A), then pdeg θ 1 , . . . , pdeg θ r are called the exponents of A and we write exp A = {{pdeg θ 1 , . . . , pdeg θ r }}, where the notation {{ * }} is used to emphasize the fact that it is a multiset. Remark that the exponents depend only on A.
Definition 2.2 ([6, 1.12-1.14]). Let (A, V ) be an arrangement. We denote L(A) the set of all nonempty intersections of elements of A including the empty intersection V .
If B ⊆ A is a subset, then (B, V ) is called a subarrangement. For X ∈ L(A) define a subarrangement A X of A by
Define an arrangement (A X , X) in X by
We call A X the restriction of A to X.
′′ ) a triple of arrangements and H 0 the distinguished hyperplane.
We will use the following important theorem: 
Lemma 2.5. The property of an arrangement A of being inductively free is a combinatorial property of its intersection lattice L(A).
Proof. All information needed for part (2) in Def. 2.4 is included in the intersection lattice L(A): For H ∈ A, the intersection lattices L(A\{H}) and L(A H ) can be obtained as sublattices of L(A).
A class of arrangements which is bigger than the class of inductively free ones is: Definition 2.6 ([6, Def. 4.60]). The class RF of recursively free arrangements is the smallest class of arrangements which satisfies (1) The empty arrangement Φ ℓ of rank ℓ is in RF for ℓ ≥ 0, (2) if there exists H ∈ A such that A ′′ ∈ RF , A ′ ∈ RF , and exp A ′′ ⊂ exp A ′ , then A ∈ RF , (3) if there exists H ∈ A such that A ′′ ∈ RF , A ∈ RF , and exp
For α ∈ V * , we will write α ⊥ for the kernel of α.
The counterexamples
We will use the following simple lemma (see also Definition 3.2. Let ζ be a fifth root of unity in C and ω = −ζ 2 −ζ 3 be the golden ratio. The Coxeter group W of type H 3 may be generated as a reflection group by the reflections (see for example [5] )
. Now let Φ + ∈ V * be the corresponding set of positive roots of W (the orbit of the standard basis under W ) and
Then A := {v ⊥ | v ∈ R} is an arrangement with 27 hyperplanes: The set Φ + has 15 elements and the other orbit has 12 hyperplanes. Proof. Factorizing the characteristic polynomial gives χ A (t) = (t − 1)(t − 11)(t − 15).
One can now prove the freeness of A using [12, Thm. 1.39 (ii)] or [11, Cor. 3.3] 
